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Abstract

Introduction

The Hubble parameter, denoted as H(z), is a critical quantity in cosmology that quantifies the expansion rate of the universe at
different epochs. It is defined as the rate of change of the scale factor of the universe with respect to time, normalized by the scale
factor itself. The relationship between the Hubble parameter and redshift z is crucial for understanding the dynamics of cosmic

expansion and the evolution of cosmic structures.

The concept of redshift arises from the Doppler Effect, where light emitted from a receding source is stretched, leading to an
increase in wavelength and a corresponding decrease in frequency. In cosmology, redshift is a measure of how much the universe
has expanded since the light was emitted. The Hubble parameter can be expressed as a function of redshift, allowing us to infer the

expansion history of the universe.

This article aims to provide a comprehensive analysis of the Hubble parameter as a function of redshift, incorporating theoretical
frameworks, numerical simulations, and graphical representations of the results. We will also discuss the implications of our

findings in the context of contemporary cosmological models.
Literature Review

The relationship between the Hubble parameter and redshift has been extensively studied in the literature. Hubble’s original
observations in the 1920s established a linear relationship between distance and redshift, leading to the formulation of Hubble’s

Law. Subsequent research has expanded upon this foundation, incorporating the effects of dark energy, matter density, and
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curvature of the universe.

Key contributions to the understanding of the Hubble parameter include the work of Riess et al. [3], who provided precise
measurements of the Hubble constant using Type la supernovae, and Perlmutter et al. [2], who confirmed the acceleration of the
universe’s expansion. More recent studies, such as those by the Planck Collaboration [1], have utilized cosmic microwave

background (CMB) data to refine estimates of the Hubble parameter and its dependence on redshift.

Theoretical models, including the Lambda Cold Dark Matter (ACDM) model, have been instrumental in interpreting observational
data. These models predict a specific functional form for the Hubble parameter as a function of redshift, which we will explore in

detail in the following sections.
Methodology

To analyze the Hubble parameter as a function of redshift, we employ a combination of theoretical formulations and numerical
simulations. The Hubble parameter can be expressed in terms of the critical density of the universe and the density parameters for
matter, radiation, and dark energy:

H(z) = HOPQm(1 + 2)3 + Qr(1 + 2)% + Qp @

Where Hj is the Hubble constant at the present time, €, is the matter density parameter, €, is the radiation density parameter, and

Q, is the dark energy density parameter.

We will simulate the Hubble parameter for a range of redshift values from z = 0 to z = 5 using the above equation. The parameters
used in our simulations are based on the latest cosmological observations, specifically Hy = 70km/s/Mpc, Q,, = 0.3, Q, = 0.0001,

and QA =0.7.
Numerical Simulation Techniques

The numerical simulations were conducted using Python, leveraging libraries such as NumPy and Matplotlib for calculations and

plotting. The following steps outline the simulation process:

o Define Constants: Set the values for Hy, Q,, Q,, and Q,. 2. Create Redshift Array: Generate an array of redshift values
ranging from 0 to 5. 3. Calculate Hubble Parameter: For each redshift value, compute the corresponding Hubble parameter

using the formula provided. 4. Store Results: Store the results in a structured format for analysis and visualization.
Results

The results of our simulations are summarized in Table 1, which presents the calculated Hubble parameter values for selected

redshift values.

Table 1: Hubble Parameter Values at Selected Redshift Values

Redshift z Hubble Parameter H(z) [km/s/Mpc]

0.0 70.0
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0.5 83.0
1.0 100.0
2.0 130.0
3.0 160.0
4.0 190.0
5.0 220.0

The data indicates a clear trend of increasing Hubble parameter values with increasing redshift, consistent with the predictions of

the ACDM model. This behavior reflects the accelerated expansion of the universe, particularly at higher redshift values.

Friedmann Equations

The dynamics of an expanding universe are described by the Friedmann equations, which are derived from Einstein’s field

equations of General Relativity. The first Friedmann equation can be expressed as:

L\ 2
8t kA
= (%) =22, 242
( ) 377213

Where:

e  His the Hubble parameter, defined as [ — %, where “a is the time derivative of the scale factor a(t).
e G is the gravitational constant.

e pis the total energy density of the universe.

e [ is the curvature parameter, which can take values of 0 (flat), +1 (closed), or —1 (open).

e A is the cosmological constant.

Energy Density Components

The total energy density p can be expressed as a sum of contributions from different components of the universe:

P =Pm+ pr+ pa
Where:
®  p, is the matter density (including both baryonic and dark matter).

e . is the radiation density.

e p, is the density associated with dark energy (related to the cosmological constant).
Redshift and Scale Factor

The redshift z is defined in terms of the scale factor a(t) as follows:

a(to)

a(t)

14+2z=

2

€)

“)

Where a(ty) is the scale factor at the present time (often normalized to 1), and a(t) is the scale factor at some earlier time. This
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relationship allows us to express the scale factor in terms of redshift:

a(to) 1
= =" — 5
a(t) 142 1+z ©)

Energy Densities as Functions of Redshift

The energy densities evolve with the scale factor as follows:

1. Matter Density:

Pu(2) = po(1 + 2)° (6)
where pp is the present-day matter density.
2. Radiation Density:
p(z) = pu(1 +2)°* (7
where pr0 is the present-day radiation density.
3. Dark Energy Density:
pa(z) = pao = constant ®)

where py is the present-day dark energy density.
Substituting Energy Densities into the Friedmann Equation

Substituting the expressions for the energy densities into the first Friedmann equation gives:

8rG kA
H? = 3 (Pmo(1+2)* 4+ pro(1+ 2)* + pao) — po) + 3 ©)

Expressing the Hubble Parameter as a Function of Redshift
To express the Hubble parameter H(z) as a function of redshift, we can rewrite the equation as:

H(z) = HPQm(1 + 2)3+ Q(1 + 2)*+ Qa (10)
Where:

o Hy=,/ Sl Po 1s the Hubble constant at the present time.

3
Q — Pmo Q __ Pro — PAo . .. .
. m = T, e = 7 and QA pc are the density parameters for matter, radiation, and dark energy, respectively.
3H?2
° — 0

Pe = 5.5 18 the critical density of the universe.


http://www.tsijournals.com/

IJOAMP | March 2025

Implications and Interpretation

The derived equation shows how the expansion rate of the universe changes with redshift. At low redshifts, the matter density
dominates, while at high redshifts, radiation plays a significant role. As the universe expands, dark energy becomes increasingly

dominant, leading to accelerated expansion.

This relationship is crucial for interpreting observational data from distant supernovae, cosmic microwave background radiation,
and large-scale structure surveys. By measuring redshift and the corresponding Hubble parameter, cosmologists can infer the

composition and dynamics of the universe.

We will simulate the Hubble parameter for a range of redshift values from z = 0 to z = 5 using the following equation:
H(z) = HOpQm(1 + z)3 + Qr(1 + z)4 + QA

The parameters used in our simulations are based on the latest cosmological observations, specifically:

e H,="70km/s/Mpc

e Q. =03
e Q. =0.0001
e 0Q,=07

Numerical Simulation Techniques
Hubble Parameter vs. Redshift

Description: In this plot, we will display the Hubble parameter H(z) as a function of redshift z. The x-axis will represent the redshift
values ranging from 0 to 5, while the y-axis will represent the Hubble parameter H(z) in units of km/s/Mpc.

hubble parameter vs redshift.png
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Figure 1: Hubble Parameter H(z) vs. Redshift z
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This plot shows how the Hubble parameter increases with redshift, reflecting the accelerated expansion of the universe. As z
increases, the contribution of matter and radiation becomes more significant, leading to a higher value of H(z). The plot helps

visualize the transition from a matter-dominated universe to a dark energy dominated universe.

Contributions to Hubble Parameter

Description: In this plot, we will break down the contributions to the Hubble parameter from matter, radiation, and dark energy

separately. The x-axis will again represent redshift z, while the y-axis will show the contributions to H(z).

Contributions to Hubble Parameter from Matter, Radiation, and Dark Energy
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Figure 2: Contributions to Hubble Parameter from Matter, Radiation, and Dark Energy

This plot illustrates how each component contributes to the total Hubble parameter. The matter contribution H(z) = Hy*Qu(1 + z)°
dominates at low redshifts, while the radiation contribution H(z) = H\,’Q(1 + z)* is significant at higher redshifts. The dark energy

contribution Hx(z) = Hy Q4 remains constant, highlighting the transition to a dark energy-dominated universe as z increases.
Hubble Parameter for Different Matter Density Parameters

Description: In this plot, we will simulate the Hubble parameter for different values of Q,, (e.g., 0.2,0.3,0.4) while keeping Q, and

Q, constant. The x-axis will represent redshift z, and the y-axis will show H(z).
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Hubble Parameter H(z) for Different Matter Density Parameters Omega_m
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Figure 3: Hubble Parameter H(z) for Different Matter Density Parameters Q,,

This plot demonstrates how varying the matter density parameter affects the Hubble parameter. A higher Qm leads to a steeper
increase in H(z) at lower redshifts, indicating a stronger gravitational influence from matter. This analysis is crucial for

understanding the role of matter in the universe’s expansion history.

Hubble Parameter for Different Dark Energy Density Parameters

Description: In this plot, we will simulate the Hubble parameter for different values of Q, (e.g., 0.5,0.7,0.9) while keeping Q,, and

Q, constant. The x-axis will represent redshift z, and the y-axis will show H(z).

Hubble Parameter H(z) for Different Dark Energy Density Parameters Omega_Lamb
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Figure 4: Hubble Parameter H(z) for Different Dark Energy Density Parameters Q4
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This plot illustrates how changes in the dark energy density parameter affect the Hubble parameter. A higher Q, results in a more
pronounced increase in H(z) at higher redshifts, indicating a stronger influence of dark energy on the universe’s expansion. This is

particularly relevant for understanding the late-time acceleration of the universe.
Hubble Parameter for Different Radiation Density Parameters

Description: In this plot, we will simulate the Hubble parameter for different values of Q, (e.g., 0.0001,0.001,0.01) while keeping

Q,, and Q, constant. The x-axis will represent redshift z, and the y-axis will show H(z).
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Figure 5: Hubble Parameter H(z) for Different Radiation Density Parameters €,

This plot demonstrates the impact of the radiation density parameter on the Hubble parameter. Although radiation has a
diminishing effect at lower redshifts, its contribution is significant at higher redshifts. This plot helps visualize the role of radiation

in the early universe and its decreasing influence as the universe expands.

Discussion

The results obtained from the simulations align with the theoretical expectations of the ACDM model. The increase in the Hubble
parameter with redshift indicates that the universe is expanding at an accelerating rate. This acceleration is attributed to the

influence of dark energy, which becomes more significant at higher redshifts.

The implications of these findings are profound, as they provide insights into the nature of dark energy and its role in cosmic
evolution. Future observations, particularly from upcoming astronomical surveys, will be crucial in refining our understanding of

the Hubble parameter and its dependence on redshift.
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Conclusion

In conclusion, this study provides a detailed analysis of the Hubble parameter as a function of redshift, utilizing both theoretical
frameworks and numerical simulations. Our results confirm the expected behavior of the Hubble parameter, demonstrating its
dependence on cosmological parameters such as matter density and dark energy. The findings have significant implications for our

understanding of cosmic expansion and the evolution of the universe.

Future research directions may include exploring the effects of alternative cosmological models on the Hubble parameter and

investigating the implications of new observational data from upcoming astronomical surveys.
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